
Solution for Section 2.6 problems

3. Suppose that the sequence {an} converges to a and that d is a limit point
of the sequence {bn}. Prove that ad is a limit point of the sequence {anbn}.

Proof. Since d is a limit point of the sequence {bn}, it follows that there is a
subsequence {bnk

} of {bn} which converges to d. Since {an} converges to a, it
follows that a subsequence {ank

} also converges to a.
Now, we will show that ad is the limit of a subsequence {ank

bnk
} of {anbn}.

Since
lim
k→∞

ank
bnk

= lim
k→∞

ank
· lim

k→∞
bnk

= ad,

it implies that ad is the limit of a subsequence {ank
bnk
} of {anbn}. Hence ad

is a limit point of the sequence {anbn}.

4. Let c be a limit point of {an} and d be a limit point of {bn} . Is c + d
necessarily a limit point of {an + bn}? Prove it or give a counterexample.

Counterexample Set an = (−1)n and bn = (−3)n for all n ∈ N. Clearly, -1
is a limit point of {an} and 3 is a limit point of {bn}. Notice that {an + bn} =
{(−4)n} and −1 + 3 is not a limit point of {an + bn}.

8. Let {Ik}∞k=1 be a nested family of closed, finite intervals; that is I1 ⊇ I2 ⊇
.... Prove that there is a point p contained in all intervals, that is, p ∈ ∩∞k=1Ik.

Proof. We will assume that Ik = [ak, bk] for k ∈ N. Since {Ik}∞k=1 is a nested
family, we can conclude that

a1 ≤ a2 ≤ ... ≤ ak ≤ ak+1 ≤ ..... (0.1)

.... ≤ bk+1 ≤ bk ≤ ... ≤ b2 ≤ b1 (0.2)

Set A = { ak | k ∈ N}. We will show that bk is an upper bound of A for all
k ∈ N. Let i ∈ N. Since a1 ≤ a2 ≤ ... ≤ ai and ai < bi, we can conclude that
aj ≤ bi for all j ∈ {1, 2, ..., i}. Let j ∈ N such that j > i. Since aj < bj and
bj ≤ bi (cf. 0.2), these imply that aj < bi. Therefore, aj ≤ bi for all j ∈ N
and bi is an upper bound of A. Since i is an arbitrary positive integer, we can
conclude that bi is an upper bound of A for all i ∈ N. Consequently, Sup A
exists.

We will denote the supremum of A by p. Clearly, ak ≤ p ≤ bk for all k ∈ N.
Hence, p ∈ Ik for all k ∈ N. This implies that p ∈ ∩∞k=1Ik.

9. Suppose that {xn} is a monotone increasing sequence of points in R
and suppose that a subsequence of {xn} converges to a finite limit. Prove that
{xn} converges to a finite limit.
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Proof. Let {xn} be a monotone increasing sequence and let {xnk
} be a con-

vergent subsequence of {xn}. Therefore, there exists a ∈ R such that xnk
≤ a

for all k ∈ N.
Assume that {xn} is an unbounded sequence. This implies that the set

{xn|n ∈ N} is unbounded above. Since a is not an upper bound of {xn|n ∈ N},
it follows that there exists N ∈ N such that xN > a. Since {xn} is an increasing
sequence, we can conclude that

xn > a for all n ≥ N. (0.3)

Since nk →∞ as k →∞, it follow that there exists K ∈ N such that

nk ≥ N for all k ≥ K. (0.4)

By equations (0.3)-(0.4), we then have that xnk
> a for all k ≥ K. This is a

contradiction. Therefore, {xn} is bounded. Since {xn} is a monotone bounded
sequence, it implies that {xn} is a convergent sequence.

2


