Solution for Section 2.4 problems

4. Suppose that {z,} and {y,} are both Cauchy sequences. Prove that
lim,, oo{2, — yn} exists.

Proof. Since {x,} and {y,} are both Cauchy sequences, it follows that {z,}
and {y,} are both convergent sequences. Hence, we may assume that z,, — «
and y, — y. This implies that lim,, ..{x, —y,} = z—y. So, lim,_.o{x, —yn}
exists. [

5. Suppose that {a,} is a Cauchy sequence. Prove that {a?} is a Cauchy
sequence. Is the converse true?

Proof. Let {a,} be a Cauchy sequence. Hence, it is a convergent sequence and
there exists a € R such that lim,,_.. a,, = a. It follows that

2
lim a2 = (hm an) =a’
n—oo n—0o0

So, {a?} is a convergent sequence which is a Cauchy sequence.
The converse is not true. Set a,, = (—1)" for all n € N. Clearly {a?} = {1}
is a Cauchy sequence and {a,} is not a Cauchy sequence. O

7. Suppose that the terms {a,} satisfy |a,,1 — a,| < 27" for all n. Prove
that {a,} is a Cauchy sequence.

Proof. Let € > 0. By Archimedian property, there exists N € N such that
21N < e

Let m,n € N such that m > n > N. We may assume that m = n + k for
some k € N. Since
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we can conclude that {a,} is a Cauchy sequence. O

10. Let a; = v/2, and let a,, for n > 2 be defined recursively by the formula

ni1 =1/ 2+ +/ay,.

a) Prove by induction that V2 < a, <2 for all n.
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Proof. Clearly, V2 < a3 < 2. We now assume that v/2 < a; < 2 for some
k € N. We will show that v/2 < a1 < 2. Since 0 < a; < 4, we then have
that 0 < \/a; < 2. Hence, 2 < 2+ /a; < 4. This implies that V2 < Qpi1 =

VZTva <2

By induction, we can conclude that V2 < a, <2 for all n. O
b) Prove that {a,} is a Cauchy sequence and conclude that {a,} converges.

Proof. Claim a,+1 > a, for all n € N.
We will use an induction method to prove the above statement. Clearly,

as =V2+vV2>V2=uaq. Hence, the statement is true for n = 1.
Now, we assume that a1 > a; for some k£ € N. This implies that

Apt2 = \/2 + Vg1 2 \/2 + Var = gy

By an induction method, we can conclude that a,.; > a, for all n € N.

By a) and the claim, we know that {a,} is a bounded increasing sequence.
Hence, {a,} is a convergence sequence which implies that it is a Cauchy se-
quence. ]



