Solution for Section 2.2 problems

1(c) Prove that the limit of the sequence a,, = 3’52t62 exists by using Theo-
rem 2.2.3-Theorem 2.2.6.
Proof.
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2(a) Find the limit of the sequence {a,} = {e ™ sinn}.
Proof. Since —1 <sinn < 1 for all n € N, we then have that
1 i 1
—— <0 < —forallneN
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Since lim,, o, —e™" = lim,,_.,, ¢~ = 0, we can conclude that
lim SR 0.
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3. Prove Theorem 2.2.4: let {a,} be a sequence and suppose that a,, — a.
Then, for any constant k, lim,,_..(ka,) = klim, . a, = ka.

Proof. Let {a,} be a convergent sequence such that lim,,_,. a, = a. Let k be
a constant number.
Let ¢ > 0. Since lim, . a, = a, it follows that there exists N € N such

that |a, — a| < Ik\+1 for all n > N. So, for any n > N, we have

€
ka, — ka| = |k||a, —a| < |k .
= hal = Wl = ol < 141 ()

Therefore, lim,,_,, ka, = ka. ]

5. Prove Theorem 2.2.6: let {a,} and {b,} be sequences and suppose that
a, — a and b, — b. Suppose that b # 0 and b, # 0 for any n. Then

lim, oo (52) = 4.

Proof. Let {a,} and {b,} be convergent sequences such that a, — a and

b, — b. Suppose that b 7é 0 and b, # 0 for any n.

Claim: lim,,_ bl = 3.



Since lim,,_,. b, = b, we conclude that there exists N; € N such that
|b, — b| < @ for all n > Nj. Since ||b,| — |b]| < |b, — ] < |g| for all n > Ny, it
implies that

M

b
_% <|bn| — |b| < —= for all n > Ny.

Hence, 2 < |b,| < 2|b], and ‘b < |b| for all n > Nj.

Let € > 0. There exists Ny € N such that |b, — b < elb‘ for all n > N,.
Set N = max{Ny, No}. We then have
1 1 |b — b| 2 |b|2

Consequently, lim,, bi = %
n

Now, we will show that lim,,_, . (‘;_:> -
n : . 1 1
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6. Let p(x) be any polynomial and suppose that a,, — a. Prove that
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lim p(a,) = pla).
Proof. Let p(x) = ¢;x' + ¢;_ 1271 + ... + c1x + ¢o be a polynomial and let {a,}
be a convergent sequence such that lim,, .., a, = a.
So, we have

Jl%p(an) = nh_)rgo ci(an)" + cio1(an) ™ + ...+ cra, + co
— nh_)rgo ci(ay)" + nh—>nolo cici(an) ™ .+ nh_)m c1ay, + 7111_{210 o
= ¢ nh_)Igo(an)’ + ¢ g Ji_)rgo(an)z Ly 44 nh_)ngo ay, + nll_)rgo o
= cz-ai + ci_lai_l + ...+ ca+ ¢
= pla).



